Somewhat similar results have already appeared in geometric context. We mention only some of them:
• J. Huisman and F. Mangolte have shown in [7, Theorem 1.4 ] that the group of algebraic diffeomorphisms of a rational nonsingular compact connected real algebraic surface X is dense in the group of all permutations of the set Ψ of points of X ;
• J. Kollár and F. Mangolte have found in [10, Theorem 1] a collection of transformations generating, together with the orthogonal group O(3 1), the group of algebraic diffeomorphisms of the two-dimensional real sphere.
We note, however, that our result allows to work with quite arbitrary algebraically non-closed fields.
Example.
Let K | be a field extension and τ be a self-bijection of the projective space P (K ) = K × / × , satisfying one of the following conditions: (i) τ : → 1/ for all ∈ P (K ) and K | is separable of degree > 2, 1 (ii) τ : → for some integer > 1 and all ∈ P (K ), the subfield contains all roots of unity of all -primary degrees in K , and the multiplicative group K × is -divisible (e.g., if the field K is algebraically closed). Then the group generated by the group PGL(K ) of projective transformations (K is considered as a -vector space) and τ is N-transitive on P (K ) for any N. Indeed, it is clear that such τ's are not collineations. Hence our theorem implies the result.
The proof of Theorem 3.1 consists of verifying the N-transitivity of the G-action on Ψ for all integers N ≥ 1.
Permutation groups: topology and closed subgroups
Let Ψ be a set and G be a group of its self-bijections. We consider G as a topological group with the base of open subgroups formed by the pointwise stabilizers of finite subsets in Ψ. Then G is a totally disconnected group. In particular, any open subgroup of G is closed. 2 Denote by SΨ the group of all permutations of Ψ. Then the above base of open subgroups of SΨ is formed by the subgroups SΨ|T of permutations of Ψ identical on T , where T runs over all finite subsets of Ψ.
Lemma 1.1.
For any finite non-empty T ⊂ Ψ, T = Ψ, the normalizer SΨ T of SΨ|T in SΨ (i.e., the group of permutations of Ψ, preserving the subset T ) is maximal among the proper subgroups of SΨ [1, 13] .
Any proper open subgroup of SΨ, which is maximal among the proper subgroups of SΨ, coincides with SΨ T for a finite non-empty T ⊂ Ψ, if Ψ is infinite.
Any proper open subgroup of SΨ is contained in a maximal proper subgroup of SΨ.
Proof. By The following 'folklore' model-theoretic description of closed subgroups of SΨ is well known, cf. [2, 4, 6] . Suppose that Ψ is countable. Let L = {R } ∈I be a countable relational language and A = (Ψ {R } ∈I ) be a structure for L with universe Ψ. Then Aut(A), the group of automorphisms of A, is a closed subgroup of SΨ. (IV) The group G is discrete.
Examples of a set Ψ and a group G acting on it:
(I.a) Ψ is arbitrary and G = SΨ. (I.b) Ψ is a projective space over a field with non-discrete automorphism group and G is the collineation group. (I.c) Ψ is an infinite-dimensional projective (or affine, or linear) space and G is the projective (or affine, or linear) group. (I.d) If Ψ is arbitrary, G contains a transposition ι of some elements ∈ Ψ and G is 2-transitive, then G is a dense subgroup in SΨ. 3 (Indeed, as all transpositions generate any finite symmetric group, it suffices to show that G contains all the transpositions. If G is 2-transitive then for any pair of distinct elements ∈ Ψ there is ∈ G with ( ) = , ( ) = , and thus, ι −1 is the transposition of the elements and .) (IV) Ψ is the set of closed (or rational) points of a variety and G is the group of points of an algebraic group acting faithfully on this variety; Ψ is the function field of a variety and G is a field automorphism group of Ψ.
Dense subgroups of symmetric groups and transitivity
It is evident that the G-action on Ψ is highly transitive for any dense (in the pointwise convergence topology) subgroup G ⊆ SΨ. 4 Conversely, if a group G is highly transitive on Ψ then it is dense in SΨ. Indeed, for any σ ∈ SΨ any neighborhood of σ contains a subset σ SΨ|T for a finite subset T ⊂ Ψ, on the other hand, the identity embedding of T into Ψ and the restriction of σ to T belong to a common G-orbit, i.e., τ T = σ T for some τ ∈ G.
We use the following terminology: (i) an N-set in Ψ is a subset in Ψ of order N; (ii) an N-configuration in Ψ is an ordered N-tuple of pairwise distinct points of Ψ. The group G acts naturally on the sets of N-sets and of N-configurations in Ψ.
Two configurations or sets are called G-equivalent if they belong to the same G-orbit.
The G-action on the set of N-configurations in Ψ commutes with the natural action of the symmetric group S N (given by σ (T ) = ( σ (1) σ (N) ) for all T = ( 1 N ) and all σ ∈ S N ). 3 The transitivity does not suffice: if Ψ = Z and G is generated by the transposition (01) and by the shift → + 2, then the G-orbit of the pair (0 1) is {( + (−1) ) : ∈ Z}, so G is not dense in SΨ. 4 For any integer N ≥ 1 and any pair T T of N-configurations there is an element σ ∈ SΨ such that T = σ T , moreover, G ∩ σ SΨ|T is non-empty, since G is dense, and therefore, there is an element σ ∈ G such that T = σ T .
Lemma 2.1.
For each N ≥ 1 consider the following conditions:
Then the conditions (i) N and (ii) N are equivalent; In particular, if Ψ is a projective space then the collineation group (which is obviously closed) is not maximal. However, it will follow from Theorem 3.1 below that the collineation group is maximal among proper closed subgroups (in dimension > 1).
Projective group as a subgroup of the symmetric group
In this section we prove the following Theorem 3.1.
Let be a field, V be a -vector space of dimension > 2 and Ψ = P (V ) = (V \ {0})/ × be the projectivization of V . Let H be a subgroup of S Ψ containing PGL(V ) and an arbitrary self-bijection of Ψ which is not a collineation, i.e., transforming a triple of collinear points to a triple of points in general position. Then, H is dense in
Proof. By induction on N, we are going to show that H is N-transitive on Ψ for any N ≥ 1. The cases N = 1 2 are clear, since even the group PGL(V ) is 2-transitive on Ψ. Though PGL(V ) (and even the bigger group of all the
all general (i.e., non-collinear) 3-configurations, as well as all collinear 3-configurations, are PGL(V )-equivalent, while any non-collineation sends some collinear 3-configuration to a general 3-configuration. In other words, the case N = 3 is also trivial.
There are two possibilities for the group H:
A. There exist hyperplanes P P in Ψ and an element ∈ H such that (Ψ \ P) ⊆ P . (This can happen only if Ψ is infinite, i.e., either the field is infinite or Ψ is of infinite dimension.)
B. For any element ∈ H and any hyperplane P in Ψ the set (Ψ \ P) is not contained in a hyperplane.
Lemma 3.2.
In the case A, all N-configurations in Ψ are H-equivalent for all N.
Proof. We proceed by induction on N, the cases N = 1 2 are trivial. Let T = ( 1 N ) and T = ( 1 N ) be a pair of N-configurations. We need to show that ξ(T ) = T for some ξ ∈ H. By the induction assumption, we may assume that ( By the hypothesis A, there exist hyperplanes P P in Ψ and an element ∈ H such that (Ψ \ P) ⊆ P . As is surjective (and even bijective), ( ) ( ) / ∈ P for a pair of distinct points ∈ P. First, we can find a projective transformation 2 ∈ PGL(V ) sending the pair ( 1 ) to the pair ( ) such that the support of 2 (T ) meets P only at . Next, we can find a projective involution 1 ∈ PGL(V ) identical on P and interchanging the points ( ) and ( ). Then
From now on we assume the hypothesis B. Let N ≥ ≥ 1 be integers and T = ( 1 N ) be an N-configuration in Ψ.
Denote by
Proof. Let To show that T is H-equivalent to σ (T ) = ( σ (1) σ (N) ) for any permutation σ ∈ S N it suffices to verify that T is H-equivalent to σ (T ) for the transposition σ of any pair 1 ≤ < ≤ N. But this is clear, since there exists a projective involution ι fixing P and interchanging and .
For any pair of subsets Π 1 Π 2 ⊂ Ψ we introduce the subset H 
Lemma 3.7.
Suppose that H is (N − 1)-transitive on Ψ. Then, in the case B, any N-set is H-equivalent to a disjoint one, 6 if N ≤ | | + 2. From now on N ≤ | | + 1. Then fixing 2 ∈ Ψ \ we may assume that 1 ∈ Ψ \ , that 2 R 1 and that T is coplanar, as otherwise T is H-equivalent to a disjoint N-set.
Proof. By
Let 0 be the intersection point of and the line 1 Proof. It is possible to choose such inductively, since
The case of a finite field and the end of the proof
# (P \ P −1 ) = # (P \ P −1 ) = (# − 1)(# ) |J|+ −1 > # (J) ( 1 ) ( −1 ) \ {0} = #(P −1 \ {0}) = (# ) |J|+ −1 − 1
Lemma 4.2.
Suppose that H is (N − 1)-transitive on Ψ, the field ∼ = F is finite of order and either Ψ is infinite-dimensional, or dim Ψ ≥ N − 1 ≥ 3 and > 2. Then, in the case B, any N-set in Ψ is H-equivalent to a general N-set in Ψ, i.e., to an N-set with (N − 1)-dimensional projective envelope. As all general N-sets in P are PGL(V )-equivalent, we may assume that ( ) ∈ P (S) and that ( ) is in general position with respect to (S) for any point ∈ P in general position with respect to S. Note, however, that there is only one such in the case = 2.
Proof. For any subset A ⊂ Ψ denote by P
Fix some ∈ P such that ( ) / ∈ P (S) . In particular, the set { } ∪ S is H-equivalent to a general set. Then is a point of P I in general position with respect to I for some subset I S with |I| ≥ 2. Fix some ∈ I and choose homogeneous coordinates X 2 X N on P such that the elements of S are given by X 2 = = X = = X N = 0 for 2 ≤ ≤ N, the elements of I correspond to 2 ≤ ≤ |I| + 1, the point corresponds to = |I| + 1 and the point is given by X 2 = = X |I|+1 = 0 and X |I|+2 = = X = = X N = 0.
In the case = 2, our choice of contradicts to the conclusion of Lemma 4.3 below, and thus, to the assumption that T is not H-equivalent to a general set. In the case of > 2, we are looking for a point ∈ P in general position with respect to S and in general position with respect to { } ∪ (S \ { }). In coordinates: X 2 · · · X N = 0 and |I| =1 (X − X |I|+1 ) = 0. As ≥ 3, we can find such a point. Then { } ∪ (S \ { }) is a general N-set in P and its image under is disjoint, i.e., it is H-equivalent to a general N-set.
Lemma 4.3.
Let ≥ 1, ≥ 2 be integers, and P be an -dimensional vector subspace of an infinite-dimensional F 2 -vector space V . Let be a self-bijection of V such that (0) = 0. Suppose that the image under of any general ( + 1)-set in any -dimensional vector subspace is not general. Then (P) is a vector subspace of V isomorphic to P.
Proof. Set = dim P and consider an ( + 1)-dimensional vector subspace P in V containing P. By Lemma 4.1, there exists a basis B of V such that (i) the vectors of (B) are independent, (ii) B contains bases of P and of P. If is the unique element of B ∩ ( P \ P), we write also B = B .
Denote by V + the hyperplane in V of sums of even number of elements of B . Denote by P + (resp., by P + ) the corresponding hyperplane in P (resp., in P, P + does not contain ). There are precisely three hyperplanes in P containing P + : (i) P, (ii) a hyperplane containing , (iii) P + .
Set V − = P \ V + , P − = P \ P + and P − = P \ P + . Suppose that does not transform a general ( + 1)-set in any -dimensional vector subspace to a general one. Then for any general set I ⊂ V of order with general (I) one has ( ∈I ) = ∈I ( ). By Lemma 4.4, (V − ) is an affine subspace of the span of (B ) and V − is the restriction of a linear endomorphism of V .
As P∩ P + = P + , one has # ( P\(P ∪ P + )) = 2 −2 −1 = 2 −1 > #(P \ P − ) = 2 −1 −1, and thus, there is ∈ P\(P ∪ P + ) with ( ) / ∈ P. Therefore, P = P ∪ P + ∪ P + . Then the restriction of to P − = P − ∪ ( P + \ P + ) coincides with the restriction of a linear map, and hence, if ∈ P − and ( ) is in the linear span L of (P ∩ B ) then is in the linear envelope of P − , i.e., ∈ P. Similarly, if ∈ P − and ( ) is in L then ∈ P. As P = P ∪ P − ∪ P − , we get that ( 0 ) is in L for a point 0 ∈ Ψ only if 0 ∈ P. We conclude that (P) contains L, since is surjective (and even bijective), and thus, (P) = L, since P is finite and L ∼ = P. If ≤ 2 − 1 is odd, it suffices to impose the conditions |I 1 | = , = − ( + 1)/2. If ≤ 2 − 2 is even and is even, it suffices to ask that |I 1 | = − 1 (is odd, so I 1 ∈ C), = − 1 − /2. If ≥ ( is odd, if is odd), we proceed by induction on (odd, if is odd) and take some disjoint sets I
Suppose that is odd. To show that C contains the sum of all elements of an -set for any even ≥ 2, we take some ( + |I| + − 2)-set J containing I and choose pairwise distinct one-element subsets J 1 (Kantor-McDonough, [9] ).
Remarks on the case of finite Ψ
Let be a finite field and V be a -vector space of a finite dimension > 2. Set Ψ = P (V ) = (V \ {0})/ × . Let H be a subgroup of S Ψ containing PGL(V ) and an arbitrary self-bijection of Ψ which is not a collineation. Then H contains the alternating subgroup A Ψ .
For the sake of completeness we mention some details of the proof of Theorem 5.1. Let G be a group acting on a projective space P (F ). Suppose that G contains the special projective group, but its action is not -transitive for = # P −1 (F ). Then [8, Theorem 1.1 (iii)] gives a choice of three groups of possibilities for G, one is being excluded by the principal theorem of projective geometry, while the remaining two being excluded for arithmetical reasons. Then it remains to prove the following Proposition 5.2. Let ≥ 2 be an integer and F be a finite field. Suppose that a group G acts -transitively on the projective space P (F ), where = #P −1 (F ). Then G contains the alternating group A P (F ) .
Proof.
A theorem of H. Wielandt from [14] asserts that if a group G permuting M elements is -transitive, then
The following calculation lists all nine cases where the condition < 3 log (M − ) of Wielandt's theorem is not satisfied.
Lemma 5.3.
Let ≥ 2 be an integer and F be a finite field. Suppose that # P −1 (F ) < 3 log # A (F ). Then = 2 and ≤ 13.
Proof. Consider the function ξ( ) = # P −1 (F ) − 3 log # A (F ) = ( − 1)/( − 1) − 3 log . Its derivative ξ ( ) = ( log )/( − 1) − 3 log vanishes only at log(3( − 1))/ log . We see from ( − 3/2) 2 + 3/4 > 0 that 3( − 1) < 2 , and thus, log(3( − 1))/ log < 2. In other words, ξ increases in ≥ 2. Now consider the (same) function ( ) = # P −1 (F ) − 3 log # A (F ) = ( − 1)/( − 1) − 3 log . If = 3 then ( ) = 2 + + 1 − 9 log . As ( ) = 2 + 1 − 9/ , the critical point of is at ( √ 73 − 1)/4 < 2, so increases in ≥ 2. As (2) = 7 − 9 log 2 > 0, the function is positive. If = 2 then ( ) = + 1 − 6 log . As ( ) = 1 − 6/ , the critical point of is at 6. One has (2) = 3 − 6 log 2 < 0, (15) = 16 − 6 log 15 < 0, (16) = 17 − 6 log 16 > 0 3 > 0, so the function is positive for ≥ 16. This means that ( ) is negative only if is one of 2 3 4 5 7 8 9 11 13.
In the cases = 2 4 we apply the following theorem of G. Miller from [12] : If M = + , where is a prime, > > 1 and > , then a group permuting M elements can be at most -transitive, unless it contains the alternating group.
Namely, setting 0 for a lower bound of transitivity, M 0 M = + 3 13 4 13 = 2 · 5 + 3 5 31 6 31 = 2 · 13 + 5 7 57 8 57 = 3 · 17 + 6 8 73 9 73 = 5 · 13 + 8 9 91 10 91 = 2 · 41 + 9 11 133 12 133 = 2 · 61 + 11 13 183 14 183 = 10 · 17 + 13
In the case = 2, i.e., of the projective plane over = F 2 (with (M 0 ) = (7 3)), one has # PGL 3 (F 2 ) = 7 · 6 · 4, so [A 7 : PGL 3 (F 2 )] = 5 · 3 = 15. By Lemma 3.7, G is 3-transitive. There are precisely 7 3 = 35, 3-sets, so #G is divisible by the least common multiple 7 · 6 · 5 · 4 of 7 · 6 · 4 and 35, and thus, [S 7 : G] |6. The only such subgroups are A 7 and S 7 .
In the remaining case = 4 (with (M 0 ) = (21 5)) we apply the following theorem of C. Jordan: If a primitive group contains a cycle of length and permutes M = + elements, where is a prime and > 2, then it contains the alternating group.
Remarks

1.
The collineation group of P (V ) is maximal among proper closed subgroups of S Ψ . 2. Parity of projective transformations. Let F be a finite field and ≥ 1 be an integer. The projective special linear group PSL +1 (F ) is simple, with two solvable exceptions: PSL 2 (F 2 ) ∼ = S 3 and PSL 2 (F 3 ) ∼ = A 4 . In any nonexceptional case, any element of the maximal abelian quotient of the projective group PGL +1 (F ) is presented by a diagonal matrix λ = diag(λ 1 1) ∈ PGL +1 (F ) for some λ ∈ F × . Let ≥ 1 be minimal with λ = 1. Then λ acts on an -dimensional projective space over F with a fixed hyperplane and an extra fixed point. Other orbits consist of elements, and therefore, the parity of λ coincides with the parity of ( − 1)( − 1)/ = − 1 − ( − 1)/ ≡ + 1 − ( − 1)(1 + ( − 1) )/ (mod 2). Finally, PGL +1 (F ) contains an odd permutation if and only if is odd. 3. Let G be a finite permutation group, which is neither symmetric nor alternating group. As mentioned in [5, §7.3] , it can be deduced from the classification of finite simple groups that G is at most 5-transitive; moreover, if G is 4-or 5-transitive then G is one of the Mathieu groups M 11 M 12 M 23 M 24 .
